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The calculation of chemical relaxation amplitudes for a reaction mechanism involving an arbitrary number of thermo- 
dynamically indepczdent steps is discussed. A formaIism is developed which considerably reduces the computational labor 
required to derive expressions relating experimental amplitudes to thermodynamic functions and specific signed changes 
of elementary steps. The treatment includes the case of strong kinetic coup& - between ali renctionr. The results art of 
particular interest in regard to the numerical fitting of amplitude data to an assumed mechanism. 

1. titroductian 

In an earlier paper [I] 1 pointed out that the re- 
sults of CasteUan’s [2] formulation of chemical 
relaxation spectra could be used to greatly simplify. 
the calculation of relaxation amplitudes. Subsequent- 
ly this approach was further developed and applied 
to the interpretativn of amplitude data for several 
multi-step reaction systems: the competitive binding 
between two inhibitors for the active site of trypsin 
[3] ; the binding of proflavin to DNA f3,4]; the self-, 
as.sembLy of liver glutamate dehydrogenase [S] _ The 

method differs from previous treatments [G---13] in 
that the amplitude expressions are given in a form 
which lends itself directly to numerical analyses with 
linear regression methods. The present report gives 
the mathematical basis of the new formalism as well 
as suggestions concerning its implementation_ 

2_ Forced overall concentration shifts 

The problem is to derive equations for a general 
mechanism which relate the overall concentration 
shifts brought about by a change of some external 
parameter (temperature, pressure or electric field 
strength) to the pertinent thermodynamic functions 
of individual steps and the reactant equilibrium con- 

centrations. 
We shall write the ath elementary step of a general 

reaction scheme as [Z] 

5 v& = 0, a=17 R , -3 ---7 , 

i=l 
(1) 

where Bi is the ith chemical species, vip fs the stoi- 
chiometric coefficient of species i in the ath reaction, 
Nis the total number of chemical species and R is the 
total number of reaction steps. The stvichiometric 
coefficients are defined as negative for participants 
on the left side of an efementary reaction equation 
and positive for those on the right. 

The concentration shifts of all species can be cal- 
culated from a consideration of R ’ thermodynamically 
independent reactions chosen from the total of R. 
A thermodynamically dependent reaction, u, is one 
whose free energy change is a linear sum of the free 
energy changes of the thermodynamically independent 
set, or 

R’ 

c,=-Es G p=* flu 0’ a=R’+ 1,R’+2 ,..., R. (2) 

The ssD are usually integers but may be fractions_ Here 
however, we shall only treat those mechanisms where 
all steps are independent, or R = R’ 8_ 

By adopting Castellan’s formalism, we may express 
the forced overall deviations of equilibrium concentra- 
tions as 121 

9 Jovin [14] has recently prcscnted an eksant treatment of 
relaxation amplitudes for mechanisms involving thermody- 
namically dependent reactions, as well as new results on rels- 
tions between concentration and advancement variable‘. 
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0) 

where ACi is the total change of the molar equilibrium 
concentration of component i, V is volume an+ A& is 
the net advancement of reaction (Y: A,$ = ,$ - <. Bars 
denote equilibrium quantities. The N linear relations 
of eq. (3) are written in matrix form as 

de= (llV)U&& (4) 

where Apis an N X I column vector of the A~i’s, 
l/V is a scalar, u is an NX R rectangular matrix whose 
typical element is via, andbe is an R X 1 column 
vector of the A.&k Near equilibrium the free energy 
change of each reaction step can be expressed as the 
following sum of the independent A.$% 

R 

(5) 

When the activity coefficients are independent of the 
reactant concentrations (this can be achieved by fix- 
ing the ionic strength with a large excess of an inert 
electrolytej, the GaD in eq. (5) simplify to Gcrlr = 
CWYk..~, where 12) 

N 

gap =gacy =C Vi,Via/~j- 
i=l 

(6) 

The thermodynamic parameter of interest in chem- 
ical relaxation is AKJ&, which for small perturba- 
tions is proportional to a thermodynamic function of 
the ath elementary reaction. 

“Temperature-jump” N 

ma/K, = (mJRRT)ATf T, Ma = 2 Vi,$i 2 (7) 

Ri = partia1 molar enthaIpy of species L 
“Pressure-jump” 

MJKU = -(A Vp/Rn3dp, A v, = _ $ via Q 9 (8) 

Fj = partial molar volume of species i, where the ap- 
parent equilibrium constant is defined as 

K, =ne?a, @I 

Near equilibrium A&/K, = GJRT, and we see from 
eq. (5) that the AKJK,‘s are given by 

bK/K = (1iY)gAc. (10) 

where AKjK is an R X 1 column vector of the M/K%! 
and g is an R X R symmetrical matrix whose typical 
element is cakulaied from eq. (6). 

It is of interest that the diagonal elements of matrix 
g can be conveniently written as the reciprocal f’ fac- 
tors of the individual reaction steps b 

(II) 

The typical off-diagonal element gap is a measure of 
the coupling between steps Q and p, and contains the 
inverse concentrations qf all components participating 
in both reactions. In the limit of high concentrations 
of these species the coupling between steps Q and /3 
becomes negligible and element g4 can be set equal 
to zero. 

From eq. (4) and eq. (10) we obtain N linear rela- 
tions between the Aci and the set of independent 
thermodynamic functions: 

Ac=ug-‘AK/K. (12) 

Matrix g -I is the inverse of matrix g. It will be noted 
that g-l must exist since g has been defined in terms 
of a thermodynamicaIIy independent set of elemen- 
tary reactions (i.e., the determinant of g is non-singular). 

Since matrices u and g are constructed by inspection 
of the reaction stoichiometries, the Ac, of a given model 
can be expressed in terms of equilibrium concentrations 
and individual ‘hermodynamic functions without solv- 
ing a large number of mass action and mass conserva- 
tion relationships. The computational labor is thus 
reduced to the calculation of the inverse matrix g-l. 

We recaU that the typical element of g-l is com- 
puted from the fpIIowing equation 

-1 
go,P =gl;b = (-1)“‘~lq@l/1 a, (13) 

IDI = determinant of g. 

The term ID, 1 is the determinant of the submatrix 
obtained by striking out the arth column and 0th row 
of matrix g.. The determinant 10 [ is immediateIy ob- 
tained from the lD,r by an expansion in terms of a 
single row (or column) of g 

b The J? factor characterizes the concentration shifts of a simple 
one-step reaction according to aCf/ui = (AK/&jr- 
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It will be noted that due to the symmetry condition 
gao =g&, only R (R C 1)/2 of the R2 elements of 

where 6 is an N X I column vector of the $*s and 
T denotes transpose. Multiplication of v by @ in the 

g-l need be calculated. above equation gives 
By means of eqs. (13) and (14) one can express the 

elements of g-t in terms of reactant equilibrium con- 
centrations and stoichiometric coefficients. AIthough 
these algebraic operations wiII admittedly be tedious 
for targe matrices, the approach susested here offers 
a considerably more straightforward and systematic 
means of calculating overal concentration shifts than 
the usual procedures Cm It will aIso be noted that even 
for quite compIex mechanisms the rzumetica1 in- 
version of g is easily realized with a digital computer. 

AP& = A&- 1 AK/K, (1% 

where A+ is an R X 1 column vector whose typical 
element is the “specific signal change” of the crth 
elementary step. 

(18) 

3. Overall &u&ion amplitudes 

In a relaxation experiment one does not observe 
concentration shifts of individual chemical compo- 
nents, but rather changes of some measurable proper- 
ty of the system, P (P= Iight transmission, fluores- 
cence intensity, conductivity, etc.), which is in gener- 
al related to aII AC? The overall reiaxation amplitude, 
or the total signal change brougbht about by an ex- 
ternal perturbation, is thus 

A& = g &Aq, & = aP/&$_ (IS 

The quantity A& is formally analogous to A.FfU and 
AVQ [cf_ eqs. (7) and (S)], and after normalization 
with respect to instrument constants may be consider- 
ed a physical parameter characterizing the ath ele- 
mentary reaction. FinaIly, expansion and rearrange- 
ment of eq. (17) yields the following general expres- 
sion for the overall amplitude 

cot ‘bt*gyt +blzgi$ *- - - +bl#Tii 

fb27g$ -I- _ _ .+b,g;:, _ _ a (19) 

where 

where the “specific signals” #i are usually constants_ 
If the measured property is light transmission, the 
‘%pecific signal” #j is proportional to the molar ex- 
tinction coefficient of the ith c_hemicaI component d. 
For smaII perturbations the ACi or’eq. (15) are given 
in the relations of eq. (12). The quantity A$ct may 
therefore be expressed in matrix form as 

&,, =+Tug-lAK/K, (16) 

c General formulas may be derived for the elements of the in- 
kws.$ matrix 9-l in tems of the +-p In this 4ense oved 

concentration shifts may be calculated directly from the stoi- 
chiometry of the model. 

d E?q_ (15) assumes that the specific signafs ase insensitive to 
the thermodynamic forcing function and that volume 
changes arc negligible. When important. these physical ef- 
fects can often be suppressed electronically with an auta- 
matic balancing system, or can be taken into account by 
introducing correction MTIIS in the amplitude equations. It 
is emphasired that the & OF eq- (151 are functions of both 
physical parameters and instrument factors- Xn absorption 
measurements @i = IQ-. where I denotes optical path length 
and ef is the molar extinction coefficient of species i 

b aa = A, A&&,, 

hap = A$= AK,.& + Atip AK,&, - (20) 

The simple form of eq. (19) is particularly use- 
ful for calcuking the overall. amplitude of an as- 
sumed model. In the present formalism the overall 
amplitude is in general the sum of R (R f I)/2 terms 
written in a triangular array. Each term contains a 
concentration-independent and concentrationdepen- 
dent factor. The former [eq. (ZO)] are functions of 
elementary physical and thermodynamic parameters 
and are calculated by examination of the reaction sroi- 
chiometries e_ The concentration-dependent factors 
are simply the elements of the inverse matrix 9-l - 

Eq. (19) is of considerable interest in regard to fit- 
ting an assumed mechanism to overall amplitude data. 

e In some applications (such as turbidity measurements) the 
@iof eq. (IS) may be concentration dependent- The formal- 
ism of eq. (19) would then be modified by grouping together 
the concentration dependent terms of the Ao, and the cor- 
respondingg-&. 
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In practice one would determine L@,, over a wide 
range of reactant concentrz&ions. If the elements of 

-1 can be estimated with sufficient precision, eq. 
$19) becomes a multiple linear regression equation in 
which A&, is the dependent variable, the elements 
of g-l are the independent variables and the b’s are 
the regression coefficients to be determined. If all 
AC+ and AK/K values are significant, and if aI1 con- 
centration variables are linearly independent, a con- 
ventional !east-squares treatment of the overall ampli- 
iude data will yield estimates of the R(R f 1)/2 re- 
gression coefficients together with their standard 
errors- The b’s obtained in the statistical treatment 
allow one to calculate a set of theoretical amplitudes 
corresponding to the “best fit” for the assumed mech- 
anism. 

If a satisfactory fitting is obtained, one can artempt 
to estimate the elementary A@ and AK{K panne?ers 
from the experimental regression coefficients. This 
phase of the anaIysis requires information from an 
independent experiment, and the details of such cal- 
culations are discussed later in this paper. It is em- 
phasized, however, that with the above procedure 
a meehanisn can be fit to amplitude data without 
any knowledge of elementary specific signal changes 
or thermodynamic functions. 

4. Individual relaxation amplitudes 

For small perturbations the rate of equilibration 
of a complex reaction system is in general described 
by a sum of exponential decays. Each exponential 
is defined by a reIaxation time P- and an individual 
relaxation amplitude. The number of exponentials is 
equal to the number of thermodynamically inde- 
pendent steps of the mechanism, or 

I 

(21) 

If the relaxation times are widely separated on the 
time axis, individual amplitudes can be caculated 
by a straightforward extension of the forr_~ahsm 
developed in the preceding section. 

We first consider those mechanisms where all ele- 
mentary steps are independent (R = R’) and equilibrate 
at very different rates (an order of magnitude differ- 

ence between successive relaxation times will usually 
be sufficient), Until now in our discussion, the assign- 
ment of numbers to the elementary steps has been 
entirely arbitrary. Here, however, we begin by num- 
bering the elementary steps according to their reIative 
rates of equilibration, P = 1,2, . . . . R, where reactions 
I and R are respectively the fastest and slowest de- 
mentat-y steps- The R X R matrix qR (gR E g) is then 
constructed by inspection of the mechanism. Next 
the R - 1 sub-matrices ofgR are written as 

9,= 

1 

Cm 

and the corresponding inverse matrices 9:’ are cal- 
cuIated. If, as assumed here, the condition TV_ L < rr 

4 Tril is satisfied, the tth individual amplitude is to a 
,goood approximation given by 

(23) 

where (@!!,>, and I@!!Jr_ t are the total signal 
changes calculated by neglecting steps r +- I through R 
and steps r through R, respectively. Expressions for 
these variables are readily obtained by setting R = F 
and R = r - 1 in eq. (19). It then follows that the rth 
individua1 ampIitude is given by the following sum of 
<t + 1)/2 terms, 

h-b,&;‘), 

(24) 

where the coefficients are given in eq. (20) and the 
concentration-dependent factors are differences be- 
tween corresponding elements of matrices gr -’ and 

g,--‘l. Both overall and individual relaxation amplitu- 
des are therefore calculated and analyzed statistically 
by means of very similar formalisms. 
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5. Normal relaxation amplitudes 

When the relax&on times of a system are widely 
separated, one can calculate individual amplitudes 
from thermadynamic relationships only. When two 
or more relaxation times are of the same order of 
magnitude, however, a more general treatment is re- 
quited. 

Near ec@ibrium, exact relaxation amplitude 
equations an be derived by means of a c‘normal mode” 
analysis [6,S- 133, In this approach a completely de- 
coupled set of R “normaI” advancements may be de- 
fined: 

&$;*(t) = A.$exp(--t/r,), r = 1, 2, . . . . R, (26) 

where the asterisk denotes normal parameters and 
the condition R = R’ is assumed. The transformation 
matrix Q relates the normal and actual advancements, 

AS= QA&*> (27) 

where A& and Af are R X 1 column vectors of the 
independent AC’s and &*‘s respectively. Matrix Q is 
constructed from the eigenvectors of the matrix of 
rate coeffcients rg, which is calculated by examina- 
tion of rhe mechanism (2). 

The rth normal advancement is related to a normal 
E’ factor and normal enthalpy change (or normal 
volume change) by 

A$= r;~lnK,4; AUK;= -(AT/RF). WV 

Recently Schimmel Ill] pointed aui that one can ob- 
tain the normal enthalpy and volume changes by 
simply transposing, Qr 

Aff* = QTAH, A V- =QTAV, (29) 

where AH*. A V , etc. are R X 1 column vectors of 
the AH*‘s, AU’s, etc. Schimmel has also shown that 
the normal I? factors are the reciprocal elements of a 
diagonal matrix D, where B = QTgQ- Although the 
normal parameters AH* (or AV*) and I?* define the 
amplitudes obtained with a stationary technique (e.g., 
sound absorption), they are not sufficient for an 
analysis of amplitudes observed with transient 
methods (temperature-jump, pressure-jump or electric- 
field jump). It is therefore of interest to extend 
Schimmel’s useful formalism to the more general case. 

To this end we may define a set of normal specific 
signal changes, A+:, by the equation 

&to, = (l(rt)8+*,*7bc', (301 

where&+* is an R X 1 column vector of the A$J*‘s. 
it fouows from eq. (10) and eq. (17) that the observed 
overall amplitude may be expressed as 

MO, = W~)A@A~. (31) 

If the relation of eq. (27) is substituted into the above 
equation, we obtain 

eOr = (I/~&%&$. (32) 

It then foitows that 

MS = Q=A+. (33) 

Thus the transformation of eq. (29) also &es the 
normal specific signal changes. 

We now write the exact expression for the rth ex- 
perimental amplitude as 

@ = T’;A+H;(ST/RT’). (34) 

By means of eqs. (7), (29) and (33), the normal param- 
eters A$: and AH; of eq. (34) can be given in WMIS 
of elementary A&s and AK/K’s. After expansion and 
rearrangement we obtain 

where the b’s are given in eq. (20) and the Q&,‘s are 
the elements of the rth coIumn of the transformation 
matrix Q- 

We have thus cast the exact equation for the rth in- 
dividual amplitude in the convenient form charactcr- 
izing overall and widely separated amplitudes, but now 
the concenttationd~pcndent terms arc the products 

r:Q,,.Qp,. where 0 = 1,2, _._, R and o[ Q 0. The possi- 
bility of analyzing experimental amplitudes with a 
multiple linear regression is again evident. However, 
since the independent variables of the regression equa- 
tions now contain specific rate constants of the 
mechanism, a kinetic study is a necessary preliminary 
to an amplitude analysis [ 1 S J - it can be added that 
the experimental resolution of strongly coupled relaxa- 
tion phenomena is often difficult. 

if the relaxation times of a system ate widely separ- 
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ated, Iimiting ratios between specific rate constants 
can be used to reduce the exact amplitude equations 
to expressions which are free of kinetic parameters. 
However, in these conditions eq. (24) provides a less 
laborious and more straightforward means of comput- 
ing arnpiitudes. Of course if specific rate constants are 
at hand, one should substitute the results of the ap- 
proximate amplitude treatment into the exact expres- 
sions and verify that the assumption of negligible 
kinetic coupling is valid. 

6. Experimental determination of elementary 
equilibrium constants, specific signal changes and 
thermodynamic functions 

It is clear that elementary equilibrium constants 
must be known in order to calculate the elements of 
matrix g. Moreover, in linear regression applications 
the precision of the equilibrium constants must be 
such that the uncertainty in the independent variables 
are small compared to the experimental errors in the 
amplitudes. 

The determination of elementary equilibrium con- 
stants by static methods is usuahy not possible where 
monomoIecuIar processes intervene. If, however, the 
monomolecular steps of 2 mechanism are kinetically 
coupIed to one or more second-order reactions, a 
complete kinetic analysis by relaxation methods is 
in principle feasible; individual equilibrium constants 
can then be estimated from the specific rate constants. 

In many cases elementary equihSnium constants can 
be determined directly from relaxation amplitudes by 
non-linear regression. in this approach the elements 
of the inverse matrices 9, -I are expressed in terms of 
analytical concentrations and equilibrium constants 
and the amplitude data are fit to eqs. (19) and (24) 
with an iterative procedure which finds the best set of 
equilibrium constants for a particular model. When 
feasibIe, this method yields both b’s and equilibrium 
constants from amplitude data alone. Iterative ampli- 
tude analyses of one- and two-step reaction systems 
have recently appeared [16,17]. 

The number of specific signal changes and therrno- 
dynamic functions which can be evaluated -from re- 
laxation amplitudes depends on the stoicbiometry of 
the system and on the amount of independent infor- 
mation available. ISet us first assume that the stoi- 

chiometry is such that all concentration terms of 
eq. (19) are linearly independent. From the relations 
of eq. (20) we derive the following independent set of 
R (R - I)/2 quadratic equations. 

@Pa M,&>2 - b&M~ M‘JKB> + b,,bgs = 0, 

(36) 

where fl= I, 2, . . . . R and Q Cc p- The A$_ dKa/Ka can 
therefore be calculated from the experimental b’s by 
means of the following formula f, 

A@, dK,JK,, = [bDp f (b$ - 4b,~bpp>‘!2~ f2- (371 

In addition, there are R relations of the form bcIp = 
A@, AKJK,. Thus in the general case where all A+ 
and AK/K vahres are significant, the experimental b’s 

will yield estimates of R (R + 1)/2 independent prod- 
ucts A, AKp/Kp. where p = I, 2, ---, R, and (Y G 0: 

A+, hK,lK,, A& M$&. - - -7 Ml aK,/K,, 

4~ ~&iq. 

To pass from the above set of products to the ele- 
mentary AQs and AK,fK’s, an additional experimental 
parameter is required. The independent information 
could be a single A$ or AK/K vahxe, but often one 
cannot determine these quantities by usual experiment- 
al methods. On the other hand, thermodynamic func- 
tions and specific signal changes of overall reactions 
are accessible to classical techniques, and may provide 
the necessary data for a complete solution. 

If monomolecular reactions figure in the mech- 
anism, linear relations will exist between elements of 
gR * . Eq. (19) should then be reduced to the minimum 
number of linearly independent terms. Monomolecrdar 
processes therefore place limitations on the number 
of elementary parameters obtained from overah amph- 
tudes, just as in ‘%Iassical” thermodynamic measure- 
ments. On the other hand, monomolecular reactions 
may, but do not necessarily reduce the number of in- 
dependent terms characterizing the hdividiuol ampli- 
tude expressions of eq. (24). 

f The remaining root ofeq. (36) is a@ AK,/K, 
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Regarding optical detection, it is of considerable 
interest that A@‘s determined at different wavelengths 
may yield absolute optical spectra of reaction inter- 
mediates. In this sense chemical relaxation data COB- 

tain structural as well as kinetic and thermodynamic 
information. Even if the products of eq. (38) cannot 
be solved for individual parameters, ratios such as 

MI/A&. A&/A&, --. 1, can be computed, which 
constitute a series of relative difference spectra. 

Finally, with the present formalism one can quick- 
ly examine the cansequences of allowing specific 
signal changes and thermodynamic functions to ap- 
proach limiting values. Consider the exampIe of a 
mechanism in which only one component gives rise 
to a signal and this component participates only in 
the slowest reaction step. It is then cIear from eq. (20) 
thatallb~=O(~<p) x e cept where @ = R. If the 
relaxation times are widely separated we conclude 
from eq. (24) that only A&$ will be observed and 
we see immediately that the amphtude equation is 

@$ = bI&7& + bZR&& f --- -t ~&&,&- 

(39) 

Acknowledgement 

I am grateful to Dr. J-R. Care1 for stimulating dis- 
cussions and thank Dr. T. Jovin for his critical reading 
of the manuscript. 

References 

[l] D. Thusius. I. Am. Chem. Sot. 94 (1972) 356. 

[Z] G.W. Castellan. Bcr. Bunsenges. Physik. Chcm. 67 (1963) 
898. 

131 D. Tltusius, C. Foucault and F- Gulllain, in: Dynamic 
aspects of conformational changes in hiolo_eicaI macro- 
molecules, cd. C. bdron (Reid& Dordrccht, 1973) 
pp. 27 l-284. 

[P] D. li$usius. in: Chemical and biologi& applications 
of relaxation spectrometry, ed. E. Wyn-Jones (Rgidel, 
Dordrecht. 1975) pp. 113-119. 

[5[ 0. Thus& 1. Mol. Biol. 94 (1975) 367. 
16) &I. Eigen and I.. De hlncyer, in: Tcchniquc of orgsnic 

chemistry, Vol. 8, Part 2,2nd Ed.. edr S.L. Friess, 
ES. Letis and A. Weissberger (Wiley, New York, 1963). 

171 C.H. Czerlinski, Chemical rclaxntion (Dekkcr, New York, 
1966) ch. 6. 

181 K. Kustin, D. Shear and D. Kleitman, J. Thcorct. Biol. 9 
(1965) 186. 

[9] G. Schwvarz. Rev. Mod. Phys. 40 (1968) 206. 
[lo] C.G. Hammcs and P.R. Schimmcl. in: The ?mlymes. Vol. 

2,3rd ed., cd. P.B. Boyer (Academic Press, New York, 
1970) p. 67. 

[ 111 P. Schimmcl. J. Chem. Fhys. 54 (197 1) 4 136. 
[12J R. WinkIcr, Doktorarbeit, Gijttingen-Wicn (1969). 
[ 13) C.F. Bemasconi. in: Chemical and biological applications 

of relaxation spectrometry, ed. E. Wyn-Jones (Reid& 
Dordrecht, 1975) pp- 121-132. 

[14] T. Jovin, in: Trends in biochemical fluorescence spec- 
trometry. eds. R. Chen and H. Edelboch (Dekket, New 
York, 1977) pp_ 305-374. 

[IS] F. Guillain and D. Thusius, J. Am. Chem. Sac. 92 (1970) 
5534: 
G-G. Hammes and A.C. Park, J. Am. Chem. Sac. 90 
(1968) 4151. 

[161 D. Thusius, Biochimie 55 (1973) 277. 
[ 171 bl. E&en and R. Wnkler, in: The neurascienccs, second 

study program, ed. F.O. S&mitt (Rockefeller Univ. 
Press, New York. 1970) p. 685; 
&I. Eigen, in: Probes of structure and function of macro- 
molecules and membranes. Vol. 1, eds. B. Chance, C. Lee 
and SK. Blasic (Academic Press, New York. 1971) 
p. 535. 


