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ON THE ANALYSIS OF CHEMICAL RELAXATION AMPLITUDES
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The calculation of chemical relaxation amplitudes for a reaction mechanism involving an arbitrary number of thermo-
dynamically independent steps is discussed. A formalism is developed which considerably reduces the computationat labor
required to derive expressions relating experimental amplitudes to thermodynamic functions and specific signal changes
of elementary steps- The treatment includes the case of strong kinctic coupling between all reactions. The results are of
particular interest in regard to the numerical fitting of amplitude data to an assumed mechanism.

1. Introduction

In an earlier paper {1] I pointed out that the re-
sults of Castellan’s [2] formulation of chemical
relaxation spectra could be used to greatly simplify.
the calculation of relaxation amplitudes. Subsequent-
1y this approach was further developed and applied
to the interpretation of amplitude data for several
multi-step reaction systems: the competitive binding
between two inhibitors for the active site of trypsin
[3]; the binding of proflavin to DNA [3,4]; the self-_
assembly of liver glutamate dehydrogenase [5]. The
methad differs from previous treatments [6—13] in
that the amplitude expressions are given in a form
which lends itself directly to numerical analyses with
linear regression methods. The present report gives
the mathematical basis of the new formalism as well
as suggestions concerning its implementation.

2. Forced overall concentration shifts

The problem is to derive equations for a general
mechanism which relate the overall concentration
shifts brought about by a change of some external
parameter (temperature, pressure or electric field
steength) to the pertinent thermodynamic functions
of individual steps and the reactant equilibrium con-
centrations.

We shall write the ath elementary step of a general
reaction scheme as [2]

N
_Z%v B.=0, «=1,2,..R, )
<

{ 7% ]

where B, is the ith chemical species, v;,, is the stoi-
chiometric coefficient of species i in the ath reaction,
NV is the total number of chemical species and R is the
total number of reaction steps. The stoichiometric
coefficients are defined as negative for participants
on the left side of an elementary reaction equation
and positive for those on the right.

The concentration shifts of all species can be cal-
culated from a consideration of R thermodynamically
independent reactions chosen from the total of R.

A thermodynamically dependent reaction, g, is one
whose free energy change is a linear sum of the free
energy changes of the thermodynamically independent
set, or

R
G, =~ 32)1 53Ggr 0=R'+LR'+2,.,R. (2
The sg,; are usually integers but may be fractions. Here
however, we shall only treat those mechanisms where
all steps are independent, orR =R' 3.

By adopting Castellan’s formalism, we may express
the forced overall deviations of equilibrium concentra-
tions as [2]

2 Jovin [14] has recently presented an clegant treatment of
relaxation amplitudes for mechanisms involving thermody-
namically dependent reactions, as well as new results on rela-
tions between concentration and advancement variable-.
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R
AC=(1/V) 231 v AL, G3)

where AC; is the total change of the molar equilibrium
concentration of component #, ¥ is volume and Af_ is
the net advancement of reaction o: At =% — £. Bars
denote equilibrium quantities. The AV linear relations
of eq. (3) are written in matrix form as

AC=(1/V)vAE, (G

where ACis an N X [ column vector of the AC;’s,
1/V is a scalar, v is an V X R rectangular matrix whose
typical element isv;,, andA§ isan R X 1 column
vector of the A%, ’s. Near equilibrium the free energy
change of each reaction step can be expressed as the
following sum of the independent Af’s

R
G, = E Gop s )

When the activity coefficients are independent of the
reactant concentrations (this can be achieved by fix-
ing the ionic strength with a large excess of an inert
electrolyte), the G, in eq. (5) simplify to G,z =
(R7T/ V)ga‘,, where |2)

8on =L —Ev vB/C ©)

The thermodynamic parameter of interest in chem-
ical relaxation is AK /K , which for small perturba-
tions is proportional to a thermodynamic function of
the ath elementary reaction.

Shren

Temperature-jump”
AK, /K, = (AH /RT)AT/T, AH, E @
£ = partial molar enthalpy of species i
“Pressure-jump”
AK,[K, = —(AV,/RT)AP, AV, Z) v Vs (8)
V; = partial molar volume of species /, where the ap-
parent equilibrium constant is defined as
&, =ll¢a ©

Near equilibrium AK, /K =G, /RT, and we see from
eq. (5) that the AKX /K s are given by

AKIK = (1/7)gAk. (10)

where AK/Kis an R X 1 column vector of the AK/K’s
and g is an R X R symmetrical matrix whose typical
element is calculated from eq. (6).

It is of interest that the diagonal elements of matrix
g can be conveniently written as the reciprocal I fac-
tors of the individual reaction steps P

fon = 27 @3e)*/G;= UT,. ()

The typical off-diagonal element g 5 is a measure of
the coupling between steps « and 3, and contains the
inverse concentrations of all components participating
in both reactions. In the limit of high concentrations
of these species the coupling between steps « and §
becomes negligible and element g,, can be set equal
to zerg.

From eq. (4) and eq. (10) we obtain N linear rela-
tions between the AC; and the set of independent
thermodynamic functions:

AC=vg~ lAK/K. (12)

Matrix g —1 is the inverse of matrix g. It will be noted

that g_l must exist since g has been defined in terms

of a thermodynamically independent set of elemen-

tary reactions (i.e., the determinant of g is non-singular).
Since matrices v and g are constructed by inspection

of the reaction stoichiometries, the AC_‘,- of a given model

can be expressed in terms of equilibrium concentrations

and individual *hermodynamic functions without solv-

ing a large number of mass action and mass conserva-

tion relationships. The computational Iabor is thus

reduced to the calculation of the inverse matrix g_1 .

We recall that the typical element of g~ is com-
puted from the fcllowing equation
Eap =80 =(—1)**FID,4l/1 DI, (13)

|D} = determinant of g.

The term 'Dcﬂ' is the determinant of the submatrix
obtained by striking out the ath column a2nd Sth row
of matrix g. The determinant |D [ is immediately ob-
tained trom the {0 ,4{ by an expansion in terms of 2
single row (or column) of g

R
D1 = 27 (~1)**Pg5lD,l. (14

P The I factor characterizes the concentration shifts of 2 simple
one-step reaction according to ACy/u; = (AK/K)F-
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It will be noted that due to the symmetry condition
8op = 8p» 0Ny R (R +1)/2 of the R? elements of
g1 need be calculated.

By means of eqs. (13) and (14) one can express the
elements of g~ ! in terms of reactant equilibrium con-
centrations and stoichiometric coefficients. Although
these algebraic operations will admittedly be tedious
for large matrices, the approach suggested here offers
a considerably more straightforward and systematic
means of calculating overall concentration shifts than
the usual procedures €. It will also be noted that even
for quite complex mechanisms the numerical in-
version of g is easily realized with a digital computer.

3. Overall relaxation amplitudes

In a relaxation experiment one does not observe
concentration shifts of individual chemical compo-
nents, but rather changes of some measurable proper-
ty of the system, £ (£ = light transmission, fluores-
cence intensity, conductivity, etc.), which is in gener-
al related to all AC;. The overall reiaxation amplitude,
or the total signal change brought about by an ex-
ternal perturbation, is thus

N
ard, = Zz $:AC;,  $; =P/3C,. (i5)
=

where the “specific signals™ ¢; are usually constants.
If the measured property is light transmission, the
““specific signal” ¢, is proportional to the molar ex-
tinction coefficient of the ith chemical component 4.
For small perturbations the AC; of eq. (15) are given
in the relations of eq. (12). The quantity AP, may
therefore be expressed in matrix form as

ard, <¢TwalAK/K, (16)

€ General formulas may be derived for the elements of the in-
verse matrix 97! in terms of the gog. In this sense averall
concentration shifts may be calculated directly from the stoi-
chiometry of the model.

d 54 (15) assumes that the specific siznals are insensitive to
the thermodynamie forcing function and that volume
changes are negligible. When important, these physical ef-
fects can often be suppressed electronically with an auto-
matic balancing system, or can be taken into account by
introducing correction terms in the arnplitude equations. It
is emphasized that the ¢; of eq. (15) are functions of both
physical parameters and instrument factoss. In absorption
measurements ¢; = le;, where I denotes optical path length
and ¢; is the molar extinction coefficient of species &

where ¢is an ¥ X I column vector of the ¢;'s and
T denotes transpose. Multiplication of vby ¢" in the
above equatjon gives

APy, = AdTa1AKIK, an

where Ad is an R X 1 column vector whose typical
element is the “specific signal change” of the ath
elementary step.

N
A¢a =iz=z Via¢i' (18)

The quantity A¢, is formally analogous to AH and
AV, {cf. eqs. (7) and (8)], and after normalization
with respect to instrument constants may be consider-
ed a physical parameter characterizing the ath ele-
mentary reaction. Finally, expansion and rearrange-
ment of eq. (17) yields the following general expres-
sion for the overall amplitude

< -~ -1 -1
AP, <by1gT) tB128T2 ¥ - - +B1REIR
*bypgys +- - -+hapasgp - (19
- +5h 'g‘l
RRERR
where
boo = Ad, AK /K,
bog = Ady AKy /K + Ady AK /K., (20)

The simple form of eq. (19) is particularly use-
ful for calculating the overall amplitude of an as-
sumed model. In the present formalism the overall
amplitude is in general the sum of R (R + 1)/2 terms
written in a triangular array. Each term contains a
concentration-independent and concentration-depen-
dent factor. The former [eq. (20)] are functions of
elementary physical and thermodynamic parameters
and are calculated by examination of the reaction stoi-
chiometries €. The concentration-dependent factors
are simply the elements of the inverse matrix g—!.

Eq. (19) is of considerable interest in regard to fit-
ting an assumed mechanism to overall amplitude data.

€ In some applications (such as turbidity measurcments) the
¢; of eq- {(15) may be concentration dependent. The formal-
ism of eq. (19) would then be madified by grouping together
the concentration dependent terms of the A¢, and the cor-
responding g‘;ﬂ.
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In practice one would determine APy, over a wide
range of reactant concentrations. If the elements of
g~ 1 can be estimated with sufficient precision, €q.
{19) becomes a multiple linear regression equation in
which APy, is the dependent variable, the elements
of g~ ! are the independent variables and the b’s are
the regression coefficients to be determined. If all

A¢ and AK/K values are significant, and if all con-
centration variables are linearly independent, a con-
ventional !east-squares treatment of the overall ampli-
tude data will yield estimates of the R(R + 1)/2 re-
gression coefficients together with their standard
errors. The b’s obtained in the statistical treatment
allow one to calculate a set of theoretical amplitudes
corresponding to the “best fit”" for the assumed mech-
anism.

If a satisfactory fitting is obtained, one can aitempt
to estimate the elementary A¢ and AK/K parameters
from the experimental regression coefficients. This
phase of the analysis requires information from an
independent experiment, and the details of such cal-
culations are discussed later in this paper. It is em-
phasized, however, that with the above procedure
a mechanism can be fit to amplitude data without
any knowledge of elementary specific signal changes
or thermodynamic functions.

4. Individual relaxation amplitudes

For small perturbations the rate of equilibration
of a complex reaction system is in general described
by a sum of exponential decays. Each exponential
is defined by a relaxation time 7 and an individual
relaxation amplitude. The number of exponentials is
equal to the number of thermodynamically inde-
pendent steps of the mechanism, or

R

AP(f) = Z% APD exp(—t/1,,). @n
n:

If the relaxation times are widely separated on the
time axis, individual amplitudes can be ca culated
by a straightforward extension of the forraalism
developed in the preceding section.

We first consider those mechanisms where all ele-
mentary steps are independent (R = R’) and equilibrate
at very different rates (an order of magnitude differ-

ence between successive relaxation times will usually
be sufficient)}. Until now in our discussion, the assign-
ment of numbers to the elementary steps has been
entirely arbitrary. Here, however, we begin by num-
bering the elementary steps according to their relative
rates of equilibration, « = 1, 2, ..., R, where reactions
1 and R are respectively the fastest and slowest ele-
mentary steps. The R X R matrix gp (@ =g} is then
constructed by inspection of the mechanism. Next
the R ~ 1 sub-matrices of g, are written as

g1l 812- - -€fir

g11 E822- - -£2 (22)
a.={ . . -
| &r1 &2 - - -8

and the corresponding inverse matrices g, 1 are cal-
culated. If, as assumed here, the condition7,_| <7,
<€ 7,1 is satisfied, the rth individual amplitude is to a

good approximation given by

AP? = (AP‘t)ot)r - (Ap?ot)r—l ’ 23)

where (APQ)), and (AP9, ,_ 1 are the total signal
changes calculated by neglecting steps r + 1 through R
and steps r through R, respectively. Expressions for
these variables are readily obtained by setting R=r
and R =r — 1 in eq. (19). It then follows that the rth
individual amplitude is given by the following sum of
Hr + 1)/2 terms,

AP? = by (@), — @i )]
b3 [ET2) — @3 11 ¥ - - - 8,30,
+byy (€23 ), — (853 )] *- - - T b2, &),

+by (),
4

where the coefficients are given in eq. (20) and the
concentration-dependent factors are diffarences be-
tween corresponding elements of matrices g, ! and
g;-!|. Both overall and individual relaxation amplitu-
des are therefore calculated and analyzed statistically
by means of very similar formalisms.
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5. Normal relaxation amplitudes

When the relaxation times of a system are widely
separated, one can calculate individual amplitudes
from thermodynamic relatioaships only. When two
or more relaxation times are of the same order of
magnitude, however, 2 more general treatment is re-
quired.

Near equilibrium, exact relaxation amplitude
equations can be derived by means of a ““normal mode”
analysis [6,8—-13]. In this approach a completaly de-
coupled set of R “normal” advancements may be de-
fined:

AL () = AL exp(—t/7,), (26)

where the asterisk denotes normal parameters and
the condition R =R’ is assumed. The transformation
matrix Q relates the normal and actual advancements,

AE=0AE", @7)

where AE and AE* are R X 1 column vectors of the
independent AE’s and AE*’s respectively. Matrix Q is
constructed from the eigenvectors of the matyix of
rate coefficients rg, which is calculated by examina-
tion of the mechanism (2).

The rth normal advancement is related to a normal
I factor and normal enthalpy change (or normal
volume change) by

AFF=T}AInKE;, Alak!= AHAT/RT). 23

Recently Schimmel [11] pointed ou: that one can ob-
tain the normal enthalpy and volume changes by
simply transposing O:

AH*=Q%AH, AV =QTAV,

r=142,.,R,

(29)
where AH*, AV ,etc. are R X 1 column vectors of
the AH*’s, AV’s, etc. Schimmel has also shown that
the normal T factors are the reciprocal elements of a
diagonal matrix D, where D = QT gQ. Although the
normal parameters A * (or AV™) and T** define the
amplitudes obtained with a stationary technique (e.g.,
sound absorption), they are not sufficient for an
analysis of amplitudes observed with transient
methods (temperaturejump, pressureJjump or electric-
field jump)- It is therefore of interest to extend
Schimmel’s useful formalism to the more general case.

To this end we may define a set of normal specific
signal changes, Aé:, by the equation

a8 = /viaeTae", (30)

whereAd ™ is an R X 1 column vector of the A¢™’s.
It follows from eq. (10) and eq. (17) that the observed
overall amplitude may be expressed as

APY, = (1/V) A$"AE. (€1}

If the relation of eq. (27) is substituted into the above
equation, we obtain

APl = (1/V)AdiOAaE”. (32)
It then follows that
Ad* =0TAd. 33)

Thus the transformation of eq- (29) also gives the
normal specific signal changes.

We now write the exact expression for the rth ex-
perimental amplitude as

APY = T A¢F AHI(AT/RT?). (34)

By means of egs. (7), (29) and (33), the normal param-
eters A¢; and AH] of eq. (34) can be given in terms
of elementary Ad’s and AK/K’s. After expansion and
rzarrangement we obtain

,
APY =T7(51Q7, + ;204,03 ¥ - + b o0, 0p,

09303, .t b0, 0p,

thprOR) (35)

where the &’s are given in eq. (20) and the Q,,’s are
the elements of the rth column of the transformation
matrix .

We have thus cast the exact equation for the rth in-
dividual amplitude in the convenient form character-
izing overali and widely separated amplitudes, but now
the concentration-dependent terms are the products
U7Q4,Qpr where §=1,2, .., R and o < §. The possi-
bility of analyzing experimental amplitudes with a
multiple linear regression is again evident. However,
since the independent variables of the regression equa-
tions now contain specific rate constants of the
mechanism, a kinetic study is a necessary preliminary
to an amplitude analysis [15]- It can be added that
the experimental resolution of strongly coupled relaxa-
tion phenomena is often difficult.

If the relaxation times of a system are widely separ-
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ated, limiting ratios between specific rate constants
can be used to reduce the exact amplitude equations
to expressions which are free of kinetic parameters.
However, in these conditions eq. (24) provides a less
laborious and more straightforward means of comput-
ing amplitudes. Of course if specific rate constants are
at hand, one should substitute the resuits of the ap-
proximate amplitude treatment into the exact expres-
sions and verify that the assumption of negligible
kinetic coupling is valid.

6. Experimental determination of elementary
equilibrium constants, specific signal changes and
thermodynamic functions

It is clear that elementary equilibrium constants
must be known in order to calculate the elements of
matrix 9. Moreover, in linear regression applications
the precision of the equilibrium constants must be
such that the uncertainty in the independent variables
are small compared to the experimental errors in the
amplitudes.

The determination of elementary equilibrium con-
stants by static methods is usually not possible where
monomolecular processes intervene. If, however, the
monomolecular steps of a mechanism are kinetically
coupled to one or more second-order reactions, a
complete kinetic analysis by relaxation methods is
in principle feasible; individual equilibrium constants
can then be estimated from the specific rate constants.

In many cases elementary equilibrium constants can
be determined directly from relaxation amplitudes by
non-linear regression. In this approach the elements
of the inverse matricesg, ! are expressed in terms of
analytical concentrations and equilibrium constants
and the amplitude data are fit to eqs. (19) and (24)
with an iterative procedure which finds the best set of
equilibrium constants for a particular model. When
feasible, this method yields both 5's and equilibrium
constants from amplitude data alone. Iterative ampli-
tude analyses of one- and two-step reaction systems
have recently appeared [16,17].

The number of specific signal changes and thermo-
dynamic functions which can be evaluated from re-
laxation amplitudes depends on the stoichiometry of
the system and on the amount of independent infor-
mation available. Let us first assume that the stoi-

chiometry is such that all concentration terms of

eq. (19) are linearly independent. From the relations
of eq. {20) we derive the following independent set of
R (R — 1}/2 quadratic equations.

(A0, AKp/KRY — b,5(Ad, AK [Kg) + by obgs=0,
(36)

where =1, 2, ..., R and ¢« < 8. The Ag,, AKﬁ/KB can
therefore be calculated from the experimental 5’s by
means of the following formula ¥,

A, AK /K= Tbag + (625 — 46, 5s"2112.  B7)

In addition, there are R relations of the form &, =
A¢, AK /K, . Thus in the general case where all A¢
and AK/K values are significant, the experimental 5’s
will yield estimates of R (R + 1)/2 independent prod-
ucts Ag,, AKﬁ/Kﬁ, where§=1,2,...,R,anda<g:

Apy AK Ky, Adpy AKfK o, . . . Ady AKp /K g,
AP, AK K3, - - -» APy DK /KR, (38)

App AKp(Kp.

To pass from the above set of products to the ele-
mentary A¢’s and AK/K’s, an additional experimental
parameter is required. The independent information
could be a single A¢ or AK/K value, but often one
cannot determine these quantities by usual experiment-
al methods. On the other hand, thermodynamic func-
tions and specific signal changes of overall reactions
are accessible to classical techniques, and may provide
the necessary data for a complete solution.

If monomolecufar reactions figure in the mech-
anism, linear relations will exist between elements of
gEl. Eq. (19) should then be reduced to the minimum
number of linearly independent terms. Monomolecular
processes therefore place limitations on the number
of elementary parameters obtained from overall ampli-
tudes, just as in “classical” thesrmodynamic measure-
ments. On the other hand, monomolecular reactions
may, out do not necessarily reduce the number of in-
dependent terms characterizing the individual ampli-
tude expressions of eq. (24).

f The remaining root of eq. (36) is Agg AK /Ko
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Regarding optical detection, it is of considerable
interest that Ag’s determined at different wavelengths
may yield absolute optical spectra of reaction inter-
mediates. In this sense chemical relaxation data con-
tain structural as well as kinetic and thermaodynamic
information. Even if the products of eq. (38) cannot
be solved for individual parameters, ratios such as
A, [Adg, AGy[Adg, ... 1, can be computed, which
constitute a series of relative difference spectra.

Finally, with the present formalism one can quick-
ly examiine the consequences of allowing specific
signal changes and thermodynamic functions to ap-
proach limiting values. Congider the example of a
mechanism in which only one component gives rise
to a signal and this component participates only in
the slowest reaction step. it is then clear from eq. (20)
that all b_g = 0 (« << f) except where § = R. If the
relaxation times are widely separated we conclude
from eq. (24) that only AP will be observed and
we see immediately that the amplitude equation is

= ~1 ~1 ~1
AP} =b1p(g1)r t borERR)R * - t brrERR )R-
39
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